The Fourier Convergence Theorem

—_—— —_— —_— —_— =

£ We know that if a Fourier serles

converges and thereby defines a function f, then f is periodic
with period 2L, with the coefficients a,, and b, given by

am=%j f(x)coswdx =—_[ f(x)smwdx

= |n this section we begin with a periodic function f of period 2L
that is integrable on [-L, L]. We compute a,, and b, using the
formulas above and construct the associated Fourier series.

# The question is whether this series converges for each x, and if
so, whether its sum is f(x).
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Fourler Serles Representatlon of Functions
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s To guarantee convergence of a Fourler series to the function
from which its coefficients were computed, it is essential to
place additional conditions on the function.

= From a practical point of view, such conditions should be
broad enough to cover all situations of interest, yet simple
enough to be easily checked for particular functions.

* Recall the definition of a piecewise continuous function on the
next slide.
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Piecewise Contlnuous Functlons

—_————— — —— — —_— — -

A function f is piecewise contlnuous on an interval [a, b] if
this interval can be partitioned by a finite number of points
a=Xy;<X; <...<X,=bsuch that

(1) fis continuous on each (X, Xy.1) y

() [lim f (x)

Xt

<o, k=0,..., n-1

(3) | lim £(x)

The notation f(c+) denotes the limit of f(x) as x— ¢ from the
right, and f(c-) denotes the limit of f(x) as x— ¢ from the left.
It is not essential that the function be defined at the partition
points x,, nor is it essential that the interval [a, b] be closed.

<o, k=1,...,n | @ -
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Theorem 'Dirichlet’s Condition
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Suppose that f and f' are pleceW|se continuous on [-L, L)

Further, suppose that f is defined outside [-L, L) so that it is
periodic single valued, finite with period 2L and at most finite
number of maxima and minima.

The f has a Fourier series
a, d mmz X
f(x)=—"+ a cos +b sin——
(0= + 3 aneos "+, ")

where

=—I f(x)cosmdx bm=%f f()smwdx

The Fourier series converges to f(x) at all points x where f is
continuous, and to [f (x+) + f (x-)]/2 at all points x where f is
discontinuous.
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Theorem : Discussion
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* Note that the Fourier series c'onverges to the average of f (x+)
and f (x-) at the discontinuities of f.

*= The conditions given in this theorem are only sufficient for the
convergence of a Fourier series; they are not necessary. Nor
are they the most general sufficient conditions possible.

% Functions that are not included in the theorem are primarily
those with infinite discontinuities in [-L, L), such as 1/x2.

* A Fourier series may converge to a function that is not
differentiable or continuous, even though each term in the
series is continuous and infinitely differentiable.

= The next example illustrates this.
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Example 1. Square Wave (10f8)
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= Consider the function below.

0, —-L<x<0
f(x)= , f 2L)=f
() {L, O<x<L (x+2L) ()

We temporarily leave open the definition of f at x = 0 and

X = L, except to say that its value must be finite.

*= This function represents a square wave, and is periodic with
period T = 2L. See graph of f below.

— i —

] | ] ] | —
-3L 2L -L L 2L 3L x
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Example 1: Square Wave (2 of 8)
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Recall that for our function f;
0, -L<x<0

f(x)={L’ G f(x+2L)=f(X)
The interval [-L, L) can be partitioned to give two open
subintervals (-L, 0) and (O, L).
On (0, L), f(x) =L and f'(x) =0. Thus f and ' are continuous
and have finite limits as x — 0 from right and x — L from left.
Similarly on (-L, 0). Thus fand f' are piecewise continuous on
[-L, L].
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Example 1: Coefficients (3 of 8)
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First, we find a,:
1 eL 1 cL
a0=ILf(x)dx=II0 Ldx=L

% Thenfora, m=1,2, ..., we have
L

m”)(dx:isin m7z X =0, m=0

mz

a, =£J'LLcos
LJo

0
Similarly, forb,=0,m=1, 2, ...,

b, =EILLsinwdx:Lcosm
Lo L msz L

L_ 2L/mz, m odd
0, m even,

0
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Examplel Fourier Expan5|on (4 of 8)
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£ Thusa =0,m=1,2,. d
2L/mz, m odd
:L, b =
0, m even,
3= Then
a, = mrz X . Mz X
f(x)=—"+ a,cos——+b, sin——
9 2 E( m L L )
L 2L zXx 1 . 3« x 1. 57zx
— = ein P Ssin 2Pl Ssin R
2 L 3 L 5 L
L 2L i sin(mz x/L)
2 T opiss L
=£+2—Zsm(2n Dz x/L
2 o 2n-1
modified by Peeyush tewari 9

Examplel Theorem (5 of 8)
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3 Thus

L 2L &sin(2n-1)z x/ L

f(xX)=—+2—
(9 zznl 2n-1

Now f is continuous on (-nL, 0) and (0, nL), hence the Fourier
series converges to f(x) on these intervals.

At the points x = 0, +nL where f is discontinuous, all terms
after the first vanish, and the sum is L/2 = [f (x+) + f (x-)]/2.

Thus we may choose to define f(x) to be L/2 at these points of
discontinuity, for then series will converge to f at these points.
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1 1 1 l I 1
-3L 2L -L L 2L 1L x
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Example 1: Gibbs Phenomena (6 of 8)
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Consider the partial sum
_L 2L &sin(2k -z x/L
5 (%) V4 é 2k -1
% The graphs of sg(x) and f are given below for L = 1.

The partial sums appear to converge to f at points of continuity
while they tend to overshoot f near points of discontinuity.

This behavior is typical of Fourier series at points of
discontinuity and is known as Gibbs phenomena.

"
ﬁwﬂﬂﬁ j—i
7 = 1 2 x
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Example 1: Errors (7 of 8)
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To investigate the convergence Iin more detail, we consider the
error function e,(x) = f (x) - s,(X).

Given below is a graph of |eg(x)| and L = 1. The least upper
bound of |eg(x)| is 0.5, and is approached as x — 0 and x — 1.

As n increases, the error decreases on (0, 1), where f is
continuous, but the least upper bound for the error does not
diminish with increasing n.

Thus we cannot uniformly reduce | |
the error throughout the interval by |
increasing the number of terms. | |
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Example 1: Speed of Convergence (8 of8)
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% Note that in our Fourier series,
L 2L &sin(2n-1)z x/L
f)=—+—
) 2 Z 2n-1
the coefficients are proportional to 1/(2n-1).
= Thus this series converges more slowly whose coefficients are
proportional to 1/(2n -1)2.
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