Fourier Series and Fourier Transform



What Is a Fourier series ?
Let f (x) be a PERIODIC function of period 2z, and f (x) satisfies some

"'commonly practical” conditions, then, f (x) can be represented by a

trigonometric series:

f(x)=a,+ ) (a,cosnx+b,sinnx)

n=1
where
1 ¢
a,=—1/| f(x)dx and
27 -7
a :i [ f(x)cosnxdx, n=12,3,..and
T Y7
1 ¢~ :
b =—| f(x)sinnxdx, n=12.3,..
7Z'o—7l'

and the a,,a,'s and b, 's are the so-called Fourier coefficients.



Derivation of the Fourier Coefficients
Let f (x) be a PERIODIC function of period 2z, and f (x) satisfies some

"commonly practical” conditions, then, f (x) can be represented by a
trigonometric series:

f(x)=a,+ ) (a,cosnx+b, sinnx)............. (*)

n=1

Note that if we integrate both sides of (*) from x=—-xz to X =z, we have:

jz f(x)dx =a, IZ dx + g (a, jz cosnxdx +b._ '[Zsin nxdx)

e sinnx | —COS NX
+b,
T

— j_ﬂf(x)dx=2ﬂao+nz;(an . : } ) =274,

= a, =% j f (x)dx



Derivation of the Fourier Coefficients (cont’d)

Now that f(x)=a,+ > _(a,cosnx+b, sinnx).............. (*)
n=1

If we multiply both sides of (*) with cos mx and then
Integrate both sides from x=—x to x =7, we have:

j” f (x) cosmxdx = ao_[” cos mxdx + Z (a, '[ﬂ cos nx cos mxdx + b, '[” sin nx cos mxdx)....(**)
- - ) -7 -7

But: J_” cosmxdx =0 and

7 7 7 0 for n#m
j COS NX cos mxdx = 1 '[ cos(n + m)xdx +1 _[ cos(n—m)xdx = and
K 297 297 7z for n=m

f_ﬁ sin nxcos mxdx = %j” sin(n + m)xdx +%r sin(n—m)xdx =0
Thus, (**)

= j_” f(x)cosmxdx=a,-0+a, 7 +0

= a,= 1 j”f(x)cosmxdx, m=12,...
7T -7



Derivation of the Fourier Coefficients (cont’d)

Now that f(x) =a,+ Y _(a, cosnx+b, sinnx)................ (*)
n=1

If we multiply both sides of (*) with sinmx and then
integrate both sides from x =—-7 to x =z, we have:

_[_” f (x)sinmxdx = aoj'” sin mxdx + Z(an_[” COS nNxsin mxdx + bn_[” sin nxsin mxdx)....(**)
T =T n=1 v/ =T

But: I_” sinmxdx =0 and
T . 1 T, 1 T
L cos nNxsin mxdx = EL,S'”(m + n)xdx +§L,S'”(m —n)xdx=0 and

7 7 7 0 for n#m
_[ sinnxsinmxdx:ij cos(n—m)xdx—ij cos(n+m)xdx = and
K 297 2797 7 for n=m

Thus, (**)

= j” f(x)sinmxdx=a,-0+0+b, 7z

= b, = 1 j”f(x)sinmxdx, m=12,... 5
7Z' -



Example of Fourier Series

K if - 0
TSR nd f (x4 27) = £ ().

Considerf(x):{k £ 0<x
<X<7T

Consider the Fourier series representation of

f(x)=a,+ i (a, cosnx+Db, SiNNX)......cc......... (*)
n=1
1 ex 1 0 7 K
a, =—j_ﬂ f(x)dx:g[j_”—kdx+fo ki =~ (7~ 7) =0

" £ (x) cos nxdx = i[fo —k cos nxdx + Jﬂ k cos nxdx] =
J- T YT 0

o7 ] 1. _¢o ) T
~ f(x)sin nxdx=—[j_ —ksin nxdx+jO k sin nxdx]

O
I
N |~ é\lpahaga

=—(
n
0 forn=2,4,6,...
Therefore, b, =
4—k forn=13,5,..
Nz

Thus, f (x) = 4—k(sin x+lsin 3x+lsin 5X+...)
T 3 5

cosnx} CosnnX} )__[1 (=D)" — (=1’ +l)]——[1 (-]



Fourier series for Odd functions

Let f (x) be a PERIODIC function of period 2, and f (x) satisfies some
"commonly practical™ conditions, then, f (x) can be represented by a

Fourier series: f(x)=a,+ i (a, cosnx+Db_sinnx)
n=1
If f (x) is an odd function, i.e. f (—x) =—f (x) for all x, then:
1 V4 1 0 T 1 x*=0 x x T
a, = ZI f (x)dx = g[j_” f (x)dx+j0 f (x)dx] =§[jm f (—x*)d (=X )+j0 f (x)dx]

_ 1 [ £ (xydx =+ [ £ (x)x] = %[— [T £ 0eaxx+ [ £ (x)dx] = 0

27
Also,

1
a =—
/A

_1 [ £ (~x*) cos(-nxe)d (-x*) + [ f (x) cosnxdx]
T YXt=rx 0

| ’ f(x)cosnxdx:i[j " £ (x) cos nxdx + jo” f (x) cos nxdx]
-7 T Y

- 1[_Ix*zo—f (x*) cos(nx*)dx*+_[: f(x)cosnxdx]=0 for n=12,3,...
T X*=rx

Thus, if f (x) is an odd periodic function with period of 2z , then

f (x)=>Y_b,sinnx
n=1



Fourier series for Even functions

Let f (x) be a PERIODIC function of period 2z, and f (x) satisfies some
"commonly practical” conditions, then, f (x) can be represented by a
Fourier series: f(x)=a,+ Z (a, cosnx+b, sinnx)

n=1

If f (x) is an even function, i.e. f (—x) = f(x) for all x, then:

b, =ij” f (x)sin nxdx =1[j° f (x)sin nxdx+j” f (x)sin nxdx]
72' —T 7Z' —7T 0
= i[‘[x:_o f (—x*)sin(—nx*)d (—x*) + r f (x)sin nxdx]
T X*=rx 0

i [27 £ e (-Dsin(x)dx+ [ f (x) cosnxdx] =0 for n=1,2,3,...
T X*=rx
Thus, If f (x) 1s an even periodic function with period of 27 , then

f(x)=a,+ > a,Ccosnx
n=1



Representation by a Fourier series

Theorem:

If a periodic function f (x) with period 2 Is piecewise continuous
In the interval — 7 < x <7, and has a left-hand derivative and
right-hand derivative at each point of that interval, then the
Fourier series (*) of f (x) Is convergent and its sum is f (x),

except at a point x, at which f (x) is discontinuous and the

sum of the series Is the average of the left- and right-hand limits
of f (x) at x,.



Functions of any period p=2L

Let f (x) be a PERIODIC function of period 2L, and f (x) satisfies some
"commonly practical" conditions, then, f (x) has a Fourier series given by:

f(x)=a,+)_(a, cosnTﬂx+bn sinnTﬂx) ................... (***)
n=1
where
1 eL
a, :ZI—L f(x)dx and
a, :l [ f(x)cos%dx, n=123,..and
LJ-t L
b =11 fo)sin X dx, n=123..
L7t L
Proof:
: X Lv
Substitute v = T < x=—, then x ==L correspondstov==+r
T
thus, let g(v) = f(x). Then:
g(v+27) = f(M):f (ﬂ+2L):f (x+2L)=f(x)=g(v)
T
= g(v) has a period of 2. 10

We can therefore expand g(v) using the previous results of (*).



Functions of any period p=2L (Example)

Let f (x) be a PERIODIC function of period 2L, and f (x) satisfies some
"commonly practical” conditions, then, f (x) has a Fourier series given by:

f(x)=a,+) (a, cosnTﬂx+bnsinnTﬁx) ................... (***)
n=1
where a —LIL f(x)dx, a —EIL f(x)cos%dx b —EJL f(x)sin@dx
° 2L T L L " L L
0if —2<x<-1
Find the Fourier series for f(x)=< k if —1<x<1 period=2L=4=L=2
0 ifl<x<?2
Observe that f (x) is an even function =b_ 's=0
1 L 1 ¢2 1t K
%=1, f(x)dx:z_[_z f (x)dx :Zf_lkdx =
0 if niseven
a, =1JL 1‘(x)cosmdx:£j1 kCOS@dX=&Sinn—ﬁ:< 2k ifn=15,9,...
L7t L 271 2 Nz 2 Nz
—%k ifn=37,11,...
L Nz

Thus, f (x) :g+%(cos§x—%cos3—”x+£c035—ﬁx—lcos7—ﬂx+...)
T



Half-range Expansion

Consider a function f (x) which is only defined for the interval

0<x<L, then we can construct

f (x):{ f(x)for0<x<L
—f(x) for —-L<x<0

Then, f,(x) is a periodic, ODD, function of period 2L, and thus, we can obtain

the Fourier series expansion for f, (x), i.e.

L)=2+ (a, cos”T”x+bnsin”T”x)=ansin”T”x .............. (**)
n=1 n=1

and f,(x+2L) = f,(x)

1L . nzX

where bn:EJ'_L fl(x)sdex, n=123,..

Also that b, :%[ﬁ fl(x)sin”LLXdH [ fl(x)sin”LLde]
:i[jff_:0 fl(—x*)sinL[X*)d(—x*HIL f(x)sin%dx]
:_[I °_ £, (x¥)sin (*)d(x*)+j f(x)sm—dx]

—[j f,(x*)sin (L)d(x*)+j f(x)sm—dx]

:E'[O f(x)sianx

Once b, 's are determined, (**) can be used to represent f (x) for 0<x<L

because f (x) = f,(x)= for0<x<L. 12



Half-range Expansion (cont’d)

Alternatively, for the function f (x) which is only defined for the interval
0<x<L, wecan construct
fg(X)={ff(X) for0<x<L

(—x) for —L<x<0
Then, f,(x) is a periodic, EVEN, function of period 2L, and thus, we can obtain
the Fourier series expansion for f,(x), I.e.

and f,(x+2L) = f,(x)

f,(x)=a,+> (a, cos ™ x+b sinEx) = a, +> a, 008 X (**)
n=1 L I— n=1 I—
where
1 cL 1 eL
B =" j_L f,(x)dx=— jo f (x)dx

1t Nz X 2 L Nz X
a :II_L 1‘2(x)cosde:I_[0 f(x)cosde n=123,...

Once the a, 's are determined, (**) can be used to represent f (x) for 0<x<L
because f (x) = f,(x) = for 0<x<L.

13



Complex Fourier series

Consider the Fourier series representation for a PERIODIC function f (x)
of period 27:

f(X)=a,+ ) (8, CosnX+b, SiNNX)......ccoeeeneee (*)
n=1

where a, =2i | T f(x)dx, a _1 | " (x)cosnxdx, b, _1 | " f(x)sin nxdx
Ty Ty Ty

It can be shown that f (x) can also be represented in the following
alternative form:

[e'e) ) 1 T ]
f(x)= ce™ where c. =—| f(x)e"™dx
(0=2c, =o)L T

14



Complex Fourier series (cont’d)

Proof: Consider f(x)=a,+ Z (a,cosnx—+b, SINNX).....coovernrnnn (™)
n=1
1 T 1 a 1 T .
where a, = —J f (x)dx, a, :—I f (x)cosnxdx, b, = —J f (x)sin nxdx
% o7 T

Recall that e™ =cosnx+isinnx; e ™ =cosnx —isinnx

— COSNX = %(e‘”X +e™™) and sinnx = %(e"‘X —e™)= _?i(e"‘x —e ™)

) a . . b . . 1 . . 1 ) .
= (a,cosnx+b sinnx)=—(e™ +e ™ |-i—2(e™-e"™)==(a —ib)e™ +=(a +ib )e™
( n n ) 2 ( ) 2 ( ) 2 ( n n) 2 ( n n)
Define c,=a,; and cn:%(an —ib.) and kn:%(an +ib,); (*) becomes:
f(X)=Co+ D (o™ +K&™)ovirriirrine (**)
n=1

1 : 1 = : : 1 = ik
Also that cnz—(an—ubn)z—j (f (x)cosnx—i- f(x)sin nx)dx:—j f (x)e ™ dx

2 27w -7 27w 27

and knzi(an +ib)) :ij” (f (x)cosnx-+i- f (x)sin nx)dx :ij” f (x)e™dx
2 2w 7 27 7
Finally, by defining c_, =k and substitute k. by c_. in (**) to get:

f(x)=> c,e™ where c, :ifﬂ f(x)e"™dx, n=0,£14+2,... r

N=—00



Complex Fourier series (cont’d)

For a periodic function f (x) of period =27,
f(x)= Z c.e™ where c =2ir f(x)e"™dx, n=0,+142,...
N=-—c0 /e
IS the so-called complex form of Fourier series or just complex Fourier series

For a periodic function f (x) with period = 2L, the corresponding complex
Fourier series iIs given by:

=3 ce't”

1 cL 7z

where |c, =— f(x)e Ldx,| n=0+1+2,..
2L 7t

16



Complex Fourier series: An Example

Consider a periodic function f (x) of period =27, where f (x) =e* for —z<x<7x
Let f(x)= Z c.e™ where c =2i_[” f(x)e"™dx, n=0,+1,+2,...
N=—o0 T

then

. _ - _ (1-in)x 1" —iX (q7 AT
C. :ij f(X)e—lnde :ij eXe ™y = 1 e _ 1l e (e e )
21" 27 -7 -

27 1—iIn 27 1-in

And since e*™ = cosnz £sinnz =cosnz = (-1)"

-7

1 1+in _1+in e” —e

1—-in  (A-in)(+in) 1+n*’

= CDSIZ@AIn) gy e - SIMNT 55 D E4IN) i
7(1+n°) 7 = (@1+n%)

Furthermore, (L+in)e™ = (1+in)(cosnx +isin nx) = (cos nx — nsin nx) +i(n cos nx + sin nx)

and sinh 7 =

and

) — T < XLT

—C

and (1—in)e™ = (1—in)(cos nx —isin nx) = (cos nx — nsin nx) —i(n cos nx +sin nx)
= (L+in)e™ + (1—in)e™™ = 2(cos nx — nsin nx)
«_Sinhzx

Thus, f(x)=¢*= [1+)>
T n=1

(=1)"2(cos nxz— nsin nx)], Cr<x<x
(1+n°) 17




Representation for Aperiodic function: Fourier Transform
Consider an APERIODIC function f (x).
Define F (iw) be the Fourier Transform of f (x) as follows:

F(iow) = j_“’ f (x)e"“*dx
It can be shown that:
1 x - X
f (X) =Ej_w F(iw)e'”dw

Let's define F { } as the Fourier transform operator, then

Fio)=F{f()}= [ f(x)e " dx

also define F ‘1{ } as the Inverse Fourier transform operator, then

() = F {Fio)} == Fio)e”do

27T

18




Representation for Aperiodic function: Fourier Transform
Consider an APERIODIC function f (x) defined for the interval —L < x <L,

and f (x) = 0 otherwise. Define a periodic function f (x) of period =2L, i.e. f (x) = f (x+2L)
and f(x)=f(x)for —L<x<L
Then, the Complex Fourier series for f (x) is given by:

~ s iny 1 L ~ iny 1 ¢ —i7Zy
f(x)= cel ... 1) where ¢, =—| f(x)e ' dx=—| f(x)e bt dx...... 2
(=3¢, (1) =50 ) F TR (2)

Define | F(iw)= j“: T CO LR (3)

Sub. (3) into (2) = 2L ¢, = F(i ”T”) — F(inw,) where a)o=%,

= = F(inw,) Wy = - i
= f(x)= Y —22e" = 2% F(inw,)e"™"....... 4
() Z‘:O m Zﬂn; (inay,) (4)
As L — oo, f(x) approaches f (x) and consequently (4) becomes::
f (x) :;”_0 > F(inay,)e™ . (5)

N=—o0
. T
Also, since wo:? w, >0 asL > oo, let o, =Aw, and nw = o,

thus, the summation in (5) becomes an integral:

- f(x) = i [ Fi0)e”do. (6) o

From (3), F(iw) is the so-called Fourier transform of a function f (x).



Fourier transform: An example

k, forO<x<a

Find the Fourier transform of f (x) = .
0 otherwise

Flio)=F{f(0} = f(e™dx=]" e dx= — (o 1) = LK (eiea 1
> 0 —lw @

Note that F (iw) Is in general a complex-value function.

20



Some useful Properties of Fourier transform
1. Linearity: F {af (x)+bg(x)} = T[af (x) +bg(x)Je”dx =aF { f (x)} + bF {g(x)}

2. Time-shifting:  F { f(x—x,)} =™ F { f ()}

3. Frequency-shifting: ]—“{e‘”oX f (x)} =F(il(0—-,))

4. Time and Frequency Scaling: F { f (ax)} = F(—)

21



Some useful Properties of Fourier transform
(cont’d)
5. Differentiation in Time: If f (x) >0 as |x| — oo, then
F{f(x)}= T f'(x)e " dx = f (x)e““’x]: —(~iw) T f(x)e™dx =iewF { f(x))
and F{f"(x)}=-0’F{f(x)}

6. Integration: ]—“{I f(x*)dx*}=%F(ia))+7zF(0)5(a))

7. Differentiation in Frequency: ~F {xf (x)} =i dF(iw)

do
8. Convolution: Let the convolution f * g of functions f and g be defined by:

n() = (F*g)(x) = | F(p)g(x—p)dp =] f(x—p)g(p)dp

—0o0

then:
F{(F*9)(0)} =F {T ()} F{g(x)}

22



Fourier Transform of Periodic functions

The concept of Fourier transform also applies to periodic functions as well.

Consider F (io) = 228 (0 — ) = (x) = zi [" Flio)e”do= e
/s

Thus, for F(iw)= ) c,-276(w—na,), f(x)=F {F(iw)}= Z c g

N=—0

or ]—"{ i cne‘”“’ox} = i C, 270 (@ —NWDy).evrvrrerannnnes (*)

N=—o0 N=-—o0

For any period function f (x), say of period = 2L, since we can express f (x) as

a Complex Fourier series; f(x) = Z cel = Z c.e" where @, =

N=—o0 N=—o0

From (*), the Fourier transform of this periodic function f (x) is given by:

F(iw) = ]—“{ i cnei””‘)x} = i C, - 270 (0 —Nw,)

N=-00

where c 's are the coefficients of the Complex Fourier series of f (x). ’3



